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Abstract
In this paper, we establish the boundedness of maximal function on Morrey spaces related to the Monge–
Ampère equation.
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1. Introduction
Let φ :Rn → R be a convex function. A supporting hyperplane to φ at the point (x0, φ(x0))
is an affine function l(x) such that φ(x)  l(x) for all x ∈ Rn. Given t > 0, a section of φ at
height t is the convex set
Sφ(x0, t) =
{
x ∈Rn: φ(x) < l(x) + t}.
The normal mapping of φ is the set-valued function ∂φ :Rn → P(Rn) defined by
∂φ(x0) =
{
p: φ(x) φ(x0) + p(x − x0), for all x ∈Rn
}
.
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sets E such that ∂φ(E) is Lebesgue measurable is a σ -algebra that contains the Borel sets and
one can define the Monge–Ampère measure associated with φ as the Borel measure ν given by
ν(E) = |∂φ(E)|; see [4] and [3].
We shall assume throughout this paper that the sections Sφ(x0, t) are bounded sets. Let X∗0 be
the center of mass of Sφ(x0, t), if λ > 0, then λφ(x0, t) denotes the λ-dilation of Sφ(x0, t) with
respect to its center of mass.
We introduce the following doubling conditions. We say that the Borel measure ν is doubling
with respect to the center of mass on the sections of φ if there exists a constant C > 0 such that
for all sections Sφ(x, t),
μ
(
Sφ(x, t)
)
 Cμ
(
1
2
Sφ(x, t)
)
. (1.1)
On the other hand, we say that ν is doubling with respect to the parameter on the sections of φ if
there exists a constant C′ > 0 such that for all sections Sφ(x, t),
μ
(
Sφ(x, t)
)
 C′μ
(
Sφ
(
x,
t
2
))
. (1.2)
We know that if the Monge–Ampère ν satisfies (1.1), then ν satisfies (1.2); see [6].
In addition, we also consider two-side doubling measure. That is, we say that ν is doubling
with respect to the parameter on the sections of φ if there exist constants 1 < C1 < C2 such that
for all sections Sφ(x, t),
C1μ
(
Sφ
(
x,
t
2
))
 μ
(
Sφ(x, t)
)
 C2μ
(
Sφ
(
x,
t
2
))
. (1.3)
In [2], L.A. Caffarelli and C.E. Gutiérrez obtained the weak (1,1)-boundedness of Hardy–
Littlewood maximal function for sections. In next section, we will establish the boundedness of
maximal functions on Morrey spaces related to the Monge–Ampère equation.
2. Proof of main theorem
In this section, we assume Monge–Ampère measure ν associated with φ satisfies (1.1) and
Borel measure μ satisfies (1.3). Moreover, we let S(x, t) denote Sφ(x, t).
We define the following maximal function for sections
Mαf (x) = sup
r>0
μ
(
S(x, r)
)α−1 ∫
S(x,r)
∣∣f (y)∣∣dμ(y),
where 0 α < 1.
Let 1 < p < ∞ and 0 λ < ∞. For f ∈ Lploc, let
‖f ‖p
Lp,λ
= sup
x∈Rn, r>0
1
μ(S(x, r))λ
∫
S(x,r)
∣∣f (y)∣∣p dμ(y)
and define Lp,λ to be the set of measure functions f such that ‖f ‖Lp,λ < ∞. The space Lp,λ is
called the Morrey space for sections (see the definition of class Morrey space in [1]).
Now, let us state the main result in this section.
L. Tang, J. Xu / J. Math. Anal. Appl. 333 (2007) 943–949 945Theorem 2.1. If 1 < p  q < ∞, 0 α < 1, 1
q
= 1
p
− α, θ = q/p and 0 λ < p/q , then
‖Mαf ‖Lq,θλ  C‖f ‖Lp,λ, (2.1)
where C is independent of f .
To prove Theorem 2.1, we need the following lemmas.
Lemma 2.1. (See [2,5].) Let A ⊂ Rn be a bounded set. Suppose that for each x ∈ A, a section
S(x, t) is given such that t is bounded by a fixed number M . Let us denote by F the family of all
these sections. Then there exists a countable subfamily of F , {S(xk, tk)}∞k=1, with the following
properties:
(i) A ⊂⋃∞k=1 S(xk, tk).
(ii) xk 	⊂⋃j<k S(xk, tk), for all k  2.
(iii) For 	 > 0 small (smallness depending only φ), we have that the family
F	 =
{
S
(
xk, (1 − 	)tk
)}∞
k=1
has bounded overlaps, more precisely
∞∑
k=1
χS(xk,(1−	)tk)(x)K ln
1
	
,
where K is a constant depending only on φ; χE denotes the characteristic function of the
set E.
Lemma 2.2. (See [2].) Given 	 > 0 (small) and r > 0, there exists 1 < t  2, depending on r
and 	 such that t − 	  1 and
μ
(
S
(
x, (t − 	)r)) (1 − 	 lnC2)μ(S(x, tr)).
Lemma 2.3. (See [6].) There exist C0 > 0 and p1  1 such that for 0 < t < s  1, r > 0 and
x ∈ S(x0, tr) we have
S
(
x,C0(s − t)p1r
)⊂ S(x0, sr).
Lemma 2.4. (See [6].) There exists a constant C3 > 1 such that if y ∈ S(x0, r), then S(x0, r) ⊂
S(y,C3r) for any r > 0.
Proof Theorem 2.1. Case 1. When λ = 0, (2.1) turns into
‖Mαf ‖Lq  C‖f ‖Lp . (2.2)
To obtain (2.2), we only need to prove that
μ
{
x ∈Rn: Mαf (x) > s
}
 C
(‖f ‖Lp
s
)q
(2.3)
holds for any s > 0.
In order to apply Lemma 2.1, we truncated the maximal function by setting
MBα f (x) = sup
B>r>0
μ
(
S(x, r)
)α−1 ∫ ∣∣f (y)∣∣dμ(y),
S(x,r)
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As =
{|x|m: MBα f (x) > s}.
Given x ∈ As , there exists S(x, r) such that r < B and
1
μ(S(x, r))1−α
∫
S(x,r)
∣∣f (y)∣∣dμ(y) > s,
and we call F the family of these sections. Given 	 > 0, given S(x, t) ∈ F , by Lemma 2.2,
there exists t = t (x, r, 	) such that t − 	  1, 1 < t  2. We let d = tr and consider the family
F ′ = {S(x, d)}. Note that
S(x, r) ⊂ S(x, (t − 	)r)⊂ S(x,(t − 	
2
)
d
)
⊂ S(x, d). (2.4)
Also, S(x, (t − 	2 )d) ⊂ S(x,2r), and by (1.2), μ(S(x, (t − 	2 )d)) Cμ(S(x, r)). By Lemma 2.1,
we can select a countable subfamily ofF ′ denoted by {S(xk, dk)}∞k=1 such that As ⊂
⋃
k S(xk, dk)
and by (1.2) we have
μ(As)
∑
k
μ
(
S(xk, dk)
)
 C
∑
k
μ
(
S
(
xk,
(
1 − 	
2
)
dk
))
. (2.5)
From (2.4), we have
s <
1
μ(S(x, r))1−α
∫
S(x,r)
∣∣f (y)∣∣dμ(y)

μ(S(x, (1 − 	2 )d)1−α
μ(S(x, r))1−α
1
μ(S(x, (1 − 	2 )d)1−α
∫
S(x,(1− 	2 )d)
∣∣f (y)∣∣dμ(y)

[
μ(S(x,2r))
μ(S(x, r))
]1−α 1
μ(S(x, (1 − 	2 )d))1−α
∫
S(x,(1− 	2 )d)
∣∣f (y)∣∣dμ(y)
 C
(
μ
(
S
(
x,
(
1 − 	
2
)
d
)))α− 1
p
( ∫
S(x,(1− 	2 )d)
∣∣f (y)∣∣p dμ(y)) 1p .
Thus,[
μ
(
S
(
x,
(
1 − 	
2
)
d
))] p
q
Cs−p
∫
S(x,(1− 	2 )d)
∣∣f (y)∣∣p dμ(y). (2.6)
Then by (2.5), (2.6) and Lemma 2.1, we have
μ(As)
p
q C
(∑
k
μ
(
S
(
xk,
(
1 − 	
2
)
dk
))) p
q
C
∑(
μ
(
S
(
xk,
(
1 − 	
2
)
dk
))) p
qk
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∑
k
∫
S(xk,(1− 	2 )dk)
∣∣f (y)∣∣p dμ(y)
 C
ln 1
	
sp
n∫
R
∣∣f (y)∣∣p dμ(y),
since 0 < p
q
 1.
By letting first M → ∞ and then B → ∞, (2.3) holds.
Case 2. When 0 < λ < p/q . For any fixed x0 ∈Rn, r > 0, we have
f (x) = f0(x) +
∞∑
i=1
fi(x),
where f0(x) = f (x)χS(x0,2r), fi(x) = f (x)χS(x0,2i+1r)\S(x0,2i r), for i  1.
We want to estimate Mαf0(x) on S(x0, r). Using the result of Case 1, we have
‖Mαf0‖Lq  C‖f0‖Lp .
So,
( ∫
S(x0,r)
|Mαf0|q dμ(x)
) 1
q
 C
∥∥Mαf0(x)∥∥Lq  C‖f0‖Lp
 Cμ
(
S(x0, r)
) λ
p ‖f ‖Lp,λ . (2.7)
Now, we estimate Mαfi(x) on S(x0, r). For i  1 and x ∈ S(x0, r), by Lemma 2.3, there
exists a constant 0 < C4 < 1 such that S(x,C42i r) ⊂ S(x0,2i r), therefore,
Mαfi(x) = sup
R>0
μ
(
S(x,R)
)α−1 ∫
S(x,R)
∣∣fi(y)∣∣dμ(y)
 μ
(
S
(
x,C42i r
))α−1 ∫
S(x0,2i+1r)\S(x0,2i r)
∣∣f (y)∣∣dμ(y).
Since x ∈ S(x0, r) ⊂ S(x0,2i r), by Lemma 2.4, there exists a constant C3 > 1 such that
S(x0,2i r) ⊂ S(x,C32i r). Thus, by (1.2), we have
Mαfi(x) μ
(
S
(
x0,2i r
))α−1[μ(S(x,C32i r))
μ(S(x,C42i r))
]1−α ∫
S(x0,2i+1r)\S(x0,2i r)
∣∣f (y)∣∣dμ(y)
 Cμ
(
S
(
x0,2i r
))α−1 ∫
S(x0,2i+1r)\S(x0,2i r)
∣∣f (y)∣∣dμ(y). (2.8)
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( ∫
S(x0,r)
∣∣∣∣∣Mα
( ∞∑
i=1
f (x)
)∣∣∣∣∣
q
dμ(x)
) 1
q
 C
∞∑
i=1
( ∫
S(x0,r)
∣∣Mα(fi)(x)∣∣q dμ(x)
) 1
q
 C
∞∑
i=1
μ
(
S
(
x0,2i r
))α−1
μ
(
S(x0, r)
) 1
q
∫
S(x0,2i+1r)\S(x0,2i r)
∣∣f (y)∣∣dμ(y)
 C
∞∑
i=1
μ
(
S
(
x0,2i r
))( λ
p
− 1
q
)
μ
(
S(x0, r)
)( 1
q
− λ
p
)
μ
(
S(x0, r)
) λ
p ‖f ‖Lp,λ
 C
∞∑
i=1
C
i( λ
p
− 1
q
)
1 μ
(
S(x0, r)
) λ
p ‖f ‖Lp,λ
 Cμ
(
S(x0, r)
) λ
p ‖f ‖Lp,λ , (2.9)
since C1 > 1 and λ < p/q .
Thus, combining (2.7) and (2.9), we have
( ∫
S(x0,r)
∣∣Mαf (x)∣∣q dμ(x)
) 1
q
 C
( ∫
S(x0,r)
∣∣Mαf0(x)∣∣q dμ(x)
) 1
q + C
( ∫
S(x0,r)
∣∣∣∣∣Mα
( ∞∑
i=1
f (x)
)∣∣∣∣∣
q
dμ(x)
) 1
q
 Cμ
(
S(x0, r)
) λ
p ‖f ‖Lp,λ .
Thus,
(
μ
(
S(x0, r)
)− qλ
p
∫
S(x0,r)
∣∣Mαf (x)∣∣q dμ(x)
) 1
q
 C‖f ‖Lp,λ .
Since x0 ∈Rn, r > 0 are arbitrary, hence, we obtain
‖Mαf ‖Lq,θλ  C‖f ‖Lp,λ .
Thus, Theorem 2.1 is proved. 
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